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This paper studies the sub-Riemannian geometry and the optimal control of nonholonomic black hole systems. This is strongly connected to the possibility of describing a nonholonomic black hole system via a Gibbs-Pfaff equation or by associated vector fields. The original results come from three streams of research: (1) a stream arising out of optimal control and surrounding the endpoint map and sub-Riemannian geodesic problem; (2) a stream coming from partial differential equations (PDEs); (3) a stream concerning sub-Riemannian geometries arising out of limits of Riemannian or other geometries.

Section 1 relates the sub-Riemannian geometry, the optimal control theory, the nonholonomic geodesics, the subelliptic PDEs, the second law of thermodynamics and Hamilton-Jacobi theory and calibrations. Section 2 studies a nonholonomic black hole system as a 4-dimensional distribution. The original results in Section 3 include Vranceanu congruences method, the Riemann-Vranceanu metric and the geodesics of Riemann-Vranceanu metric. The geodesics on the black hole nonholonomic thermodynamic system are discussed in Section 4, via solutions to variational problem of geodesics and optimal control problem of geodesics. The main result shows that the black hole nonholonomic thermodynamic system is controllable by geodesics. Section 5 underlines the mathematical roots of our original results regarding the black holes.
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